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Current-carrying cosmic string loop 3D simulation:
Towards a reduction of the vorton excess problem
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The dynamical evolution of superconducting cosmic string loops with specific equations of state describing
timelike and spacelike currents is studied numerically. This analysis extends previous work in two directions:
first it shows results coming from a fully three-dimensional simulation~as opposed to the two-dimensional case
already studied!, and it now includes fermionic as well as bosonic currents. We confirm that in the case of
bosonic currents, shocks are formed in the magnetic regime and kinks in the electric regime. For a loop
endowed with a fermionic current with zero-mode carriers, we show that only kinks form along the string
worldsheet, therefore making these loops slightly more stable against charge carrier radiation, the likely
outcome of either shocks or kinks. All these combined effects tend to reduce the number density of stable loops
and contribute to ease the vorton excess problem. As a bonus, these effects also may provide new ways of
producing high energy cosmic rays.
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I. INTRODUCTION

Superconducting cosmic strings are topological defe
@1# that may be formed at a phase transition in the ea
universe@2,3#. Contrary to their usual counterpart known
Goto-Nambu strings@4#, these possess a nontrivial intern
structure because of conserved currents that can flow a
them @5–7#. The dynamics of superconducting cosm
strings is, because of the current structure that has to be t
into account, much more complicated. In order to descr
their evolution, the so-called elastic string formalism, than
to which the microstructure can be integrated over to yi
the macroscopic behavior, was set up by Carter@8#. The only
requirement is the knowledge of the equation of state rela
the energy per unit length to the string tension. This
equivalent to giving a single Lagrangian functionL(w), de-
pending on a so-called state parameterw, out of which the
dynamical equations can be derived.

Various macroscopic Lagrangians for describing sup
conducting cosmic strings have been proposed@9# that cor-
respond to different assumptions about the internal struct
In principle, the current along a cosmic string exists beca
some extra degrees of freedoms~e.g., particles@2#! are
trapped in the defect core. Up to now, there are essent
three models that have been developed to yield ana
equations of state. Those can be called, respectively, t
sonic, bosonic and zero mode fermionic carrier models.

The transonic model describes, for instance, wiggly Go

*Electronic address: lcordero@sirio.ifuap.buap.mx
†Electronic address: xavier@fis.cinvestav.mx
‡Electronic address: peter@iap.fr
0556-2821/2002/65~8!/083522~13!/$20.00 65 0835
ts
y

l
ng

en
e
s
d

g
s

r-

e.
e

lly
ic
n-

-

Nambu strings@10#. The trapped degrees of freedom in th
case are not particles, but rather transverse string excitat
that play the same role. It is self-dual, meaning that the eq
tion of state algebraic form does not depend on whether
current is timelike or spacelike, and it is transonic beca
the velocities of transverse and longitudinal perturbatio
happen to be equal. Among its numerous advantages,
finds that the transonic model can be exactly solved in
case of flat space, and the string loop motion in this mode
always stable. It also describes the motion of an ordin
string in a five-dimensional space-time, in the manner
Kaluza and Klein@11#. In this last case, the state parame
represents the fifth coordinate of the string location, seen
projection in the four-dimensional space-time.

Superconducting cosmic string may also involve act
particles, the simplest case being that of fermions trappe
the defect core in the form of zero modes, as originally p
posed in 1985 by Witten@2# to introduce superconductivity
Under very general circumstances, the fermion conden
can be shown@12# to rapidly reach a zero temperature di
tribution, so that the integrated model does not depend
anything else but the string characteristic mass scale,m say.
The relevant equation of state in this case is then again s
dual, with the energy per unit length and tension adding up
a constant at all times.

Bosonic current-carrying cosmic strings are described
an equation of state which is not self-dual. Such models
quire two different masses@9#: the string scalem and a mass
characterizing the current,m* say, usually taken to be that o
the carrier itself. Such models have been examined with
details @6,7#. Even though a bosonic condensate can
treated as a single classical field, contrary to its fermio
counterpart, the corresponding strings look rather more
©2002 The American Physical Society22-1
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ADRIANA CORDERO-CID, XAVIER MARTIN, AND PATRICK PETER PHYSICAL REVIEW D65 083522
volved than the fermionic current-carrying ones. Indeed
turned out that two equations of state are required to desc
bosonic current-carrying cosmic strings, one for each of
available regime, namely spacelike or timelike. What pre
ous analysis revealed is that even in this case, quantum
fects should be taken into account, due to various poss
instabilities that could be triggered by the loops evoluti
@13#.

There are results on the evolution of superconduct
string loops in one and two dimensions@13,14# for those
equations of state corresponding to strings with bosonic
rents. These works have shown the appearance of var
singular behaviors as the dynamical evolution can drive p
of a given loop outside of the domain of validity of th
elastic string description. For instance, the loop can deve
shocks@13,15# or fold on itself in complicated shapes. Th
first question that could then be asked regarding these ef
is how much of these is due to the restriction to one or t
dimensions? In other words, are these results real or do
merely arise because of some projection effect. In the pre
paper, we have accordingly extended previous studies to
simulation of a superconducting cosmic string loop w
bosonic currents in three dimensions. We find that all
singular behaviors observed in two dimensions generaliz
three and cannot, therefore, be assigned to some proje
artifact.

Furthermore, we also investigated the behavior of a lo
with fermionic currents, using what was recently shown
be the relevant equation of state for such strings@12,16#, i.e.
the fixed trace model. In this case, although dynamical e
lution can also drive the loop outside of the domain of v
lidity of the elastic string description and fold it in compl
cated shapes, shocks never develop. All these sing
behaviors, both for fermionic and bosonic carriers, are in
esting because they are expected to lead to charge ca
emission, a mechanism that has many cosmological co
quences.

The dynamics of the string loops under consideration
this paper demands to be applied to a network@17# of such
strings in order to decide on important issues such as vo
formation @18# and evolution@19#. Another related possibil-
ity concerns the up-to-now mysterious highest energy cos
ray events@20#. These could be explained in terms of top
logical defects such as superconducting cosmic strings,
indeed there have been many such proposals@21#. In the case
at hand, our conclusions seem to imply that much more
ticles are released during the normal evolution of a curre
carrying cosmic string loop than during that of an ordina
loop. Assuming these particles to have enough energy to
tribute to the highest energy cosmic ray, this paves the w
to a new class of models that may not suffer from the n
malization constraint@22#.

The article is articulated as follows. In Sec. II we deri
the equations of motion in three dimensions, and expr
them in an appropriate way for efficient numerical reso
tion. In Sec. III we present the equations of state for sup
conducting cosmic strings with bosonic and fermionic c
rents, while the results of the simulation are exhibited in S
IV. For a loop with a bosonic current, we exemplify cas
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where the loop develops shocks, kinks or folds on itself
much the same way as in the two-dimensional case.
analysis is then extended to superconducting loops with
mionic zero-mode current-carriers. In this case, we find t
in some instances, the loop shows regions of discontinu
curvature~kinks! but we do not find shock waves as in th
bosonic situation. We also observe that in most of the ca
we have investigated, the dynamical evolution of a loo
whether with bosonic or fermionic current, will drive it ou
of the elastic regime. This is yet another confirmation th
the quantum~microscopic! effects that are taking place in
cosmic string loop are almost always not negligible, a
even more so in the cosmological setting for which tho
effects might modify drastically the model predictions@23#.
We discuss this particular point in Sec. V.

II. EQUATIONS OF MOTION

For a current-carrying cosmic string, the equations of m
tion can be expressed as the conservation of the stress en
tensor and the equation of state. The stress energy tenso
cosmic string can be expressed in diagonal form as@8#

Tmn5Uumun2Tvmvn, ~1!

whereum andvm are the two orthogonal, respectively, tim
like and spacelike unit eigenvectors,1 which describe the
string worldsheet, andU and T are the two corresponding
eigenvalues identified, respectively, with the energy per u
length and tension of the string. The equations of mot
stem from the conservation of the stress energy tensor,
they can be split into two pairs of intrinsic and extrins
dynamical equations. The intrinsic dynamical equations
obtained by projection along the string worldsheet while
extrinsic dynamical equations are obtained by projection p
pendicular to the string worldsheet. The intrinsic equatio
reduce to two current conservation laws, one timelike

¹̄r~nur!50, ~2!

and the other spacelike

¹̄r~mvr!50, ~3!

where ¹̄r5hr
s ¹s is the covariant derivative on the strin

worldsheet, obtained by projecting the usual covariant
rivative on the worldsheet with the projection operatorhr

s

52urus1vrvs, andn andm are defined through the rela
tions

mn5U2T, ~4!

m5
dU

dn
, ~5!

1umum52vmvm521, umvm50.
2-2
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CURRENT-CARRYING COSMIC STRING LOOP 3D . . . PHYSICAL REVIEW D65 083522
and can be understood, respectively, as a number de
variable and its associated effective mass variable or che
cal potential.

The intrinsic equations can be equivalently reexpresse
irrotationality equations, respectively, as

esr¹s~nvr!50 ~6!

and

esr¹s~mur!50, ~7!

whereesr is the antisymmetric tangent element tensor of
string worldsheet, given by

esr5usvr2vsur, ~8!

in terms of the tangent vectorsu andv.
For a superconducting cosmic string, the conserved n

bers associated with the two conserved currents corresp
to the charged current trapped in the string and the wind
number of the string. When a loop is considered, these tr
late into two integer-valued charges,N andZ, say, once in-
tegration around the loop is performed.

The extrinsic equations of motion can be written as

'm
r~Uun¹nur2Tvn¹nvr!50, ~9!

where'm
n , defined by

'm
n5gm

n2hm
n5gm

n2emrern , ~10!

is the orthogonal projection operator.
The necessary quantities for describing a cosmic st

loop are completed by the knowledge of two other import
parameters, namely the speeds of transverse and longitu
perturbations along the string, written, respectively, ascT and
cL , and given by

cT
25

T

U
, cL

252
dT

dU
. ~11!

These velocities are useful to explore the stability of a lo
at equilibrium@26#. Furthermore, they are helpful since the
allow us to define what we call the elastic regime: the str
dynamics is in the elastic regime if transverse and longitu
nal perturbations are stable. This indeed ensures that the
namical model does not break down. The velocities~11!
should also be asked to both be less than unity in orde
avoid superluminal propagation, but this, in practice, ne
actually happens so that it is not really a constraint. To su
marize, we require that, along the loop trajectories, we h

0<cT,L
2 <1, ~12!

constraints that are not always trivially satisfied.
We now have to fix the gauge to determine unambi

ously the relevant degrees of freedom. The dynamical eq
tions are solved numerically choosing as unknowns
string worldsheet coordinatesxm(t,c) as in @13#, and as pa-
rameterst, the time coordinate, andc, a spacelike curvilinear
08352
ity
i-

as

e

-
nd
g
s-

g
t
nal

p

g
i-
y-

to
r
-
e

-
a-
e

coordinate chosen as the potential associated with the irr
tionality equation~6!. With this choice,ur, vr and n are
expressed as

ur5
ẋr

ż
, ~13!

vr5
1

nż
~b ẋr1 ż2x8r!, ~14!

n5
ż

n
~15!

with dots and primes, respectively, denoting derivatives w
respect tot andc and we have adopted the following defi
nitions:

ż5A2 ẋrẋr,

z85Ax8rxr8,
(16)

b5x8rẋr ,

n5Ab21z82ż2.

The equation of motion~6! is automatically satisfied by the
choice of its associated potentialc as variable, and the re
maining equations of motion~7! and ~9! become, respec
tively,

v•@~n22b2cL
2!ẍ2 ż4cL

2x922bż2cL
2ẋ8#50, ~17!

wherev is the spatial part ofvr, and

w'1,2•@~n22b2cT
2!ẍ2 ż4cT

2x922bż2cT
2ẋ8#50, ~18!

with w'1,2 the spatial parts of two independent quadrivect
orthogonal to the worldsheet, which we are choosing as

w'15
1

y8ż2 ẏz8
~y8ż2 ẏz8,0,2z8,y8!, ~19!

and

w'25
1

y8ż2 ẏz8
~0,y8ż2 ẏz8,ẋz82 żx8,ẏx82 ẋy8!.

~20!

Then, the equations of motion can be solved to find t
x(t,c),y(t,c) andz(t,c) satisfy

ẍ5
1

n2
~x8F1G!, ~21!

ÿ5
1

n2
~y8F1I !, ~22!
2-3
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FIG. 1. Time evolution of the state parametern
*
2 along the string worldsheet for an elliptic configuration of a loop with a bosonic cur

in the magnetic regime, having large ellipticitye50.6 and velocity parametere51, and with a phase parameterl 53 ~and A53, B5
20.2). In the last panel the variation of the energy shows two important things. On the one hand the small peaks in the graph are an
that the loop size decreases because the initial velocity has been reduced. On the other hand, nearly at the end of the simulatio
variation of the energy gives a signal of the shocks produced along the loop string. The relative variation of the total energy, show
last panel, is still rather small even as the simulation reaches its very end. The situation is similar for the angular momentum
simulation eventually breaks down.
z̈5
1

n2
~z8F1K !, ~23!

where the functionsF, G, I, andK are given by

F5
ż2cL

2

n22b2cL
2 @ ż2~c1x91c2y91c3z9!

12b~c1ẋ81c2ẏ81c3ż8!#,

~24!

G5
ż2cT

2

n22b2cT
2 $ż2@~x8y92x9y8!c21~x8z92x9z8!c3#

12b@~x8ẏ82 ẋ8y8!c21~x8ż82 ẋ8z8!c3#%, ~25!

I 5
ż2cT

2

n22b2cT
2 $ż2@~y9z82z9y8!c31~y9x82x9y8!c1#

12b@~ ẏ8z82y8ż8!c31~ ẏ8x82 ẋ8y8!c1#%, ~26!
08352
K5
ż2cT

2

n22b2cT
2 $ż2@~z9y82y9z8!c21~z9x82z8x9!c1#

12b@~ ż8y82 ẏ8z8!c21~ ż8x82z8ẋ8!c1#%, ~27!

with

c1[x81 ẏD11 żD2 ,

c2[y82 ẋD11 żD3 ,

c3[z82 ẋD22 ẏD3 , ~28!

and

D1[y8ẋ2 ẏx8,

D2[z8ẋ2 żx8,

D3[z8ẏ2 ży8. ~29!
2-4
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FIG. 2. Configuration evolution in the electric case with bosonic currents with the same ellipticity as in Fig. 1,e50.1 andA53 (B
50). One clearly sees the development of six kinks corresponding to twice the phase parameterl 53. In this case, the peaks seen in t
energy are formed at the same time as the kinks are present.
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As a test of the deviations of the numerical approximat
from the exact solution it will be convenient to calculate t
~conserved! total energy and angular momentum of the s
tem given, with our choice of unknowns, by (l being the
string arc length! @13#

ET[ R dl T00, ~30!

which reads, explicitly

ET5 R dc
U@n~c!#

nż2
~n22b2cT

2!, ~31!

and the angular momentum@8#

JT5ZN5C R dc
Ubn

ż2
~12cT

2!, ~32!

whereZ is the particle quantum number,N is the winding
number andC is the parametric length of the loop in thec
coordinate~which is conserved, actually being one ofN or
Z).

We shall assume in what follows that the dynamics o
tained by means of the numerical solution is accurate as
08352
n
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g

as both these quantities are conserved at least at the
percent level~worst case during the development of a shoc!
all along the trajectory.

III. EQUATION OF STATE

The equation of state describes the substructure of
current-carrying cosmic string considered by relating its
ternal parameters, for instance its energy density and tens
There are three interesting current-carrying cosmic str
models: the transonic model and the bosonic and fermio
superconducting models. The transonic model is used to
scribe the macroscopic dynamical behavior of a wigg
‘‘Goto-Nambu’’ cosmic string and carries a current asso
ated with the wiggles@10#: it permits us to neglect the dy
namics of the strings on small scales by integrating o
these scales, effectively raising the stress-energy tensor
generacy, and thereby to introduce an effective current. T
model also possesses the feature of being algebraically s
able in flat space@24#, and thus can provide useful analytic
examples with which one can compare the accuracy o
simulation code. The other models we shall deal with
used to describe cosmic strings in which a current of p
ticles ~either bosonic or fermionic! has condensed.

For superconducting strings with a bosonic current,
model requires two mass scales, namely the cosmic st
2-5
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FIG. 3. Invariant magnitudeK5AK2 of the curvature, from Eq.~51!, for the configuration shown in Fig. 2.
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mass scalem, which is the string forming symmetry breakin
energy scale, andm* which is the mass scale of the curre
carrier. In this case one can write down two different eq
tions of state, depending on whether the conserved cur
along the string is timelike or spacelike@6#. These two re-
gimes of the model are called, respectively, electric and m
netic in accordance with the situation where the curren
coupled to an electromagnetic field@7#. Indeed, in this case
a timelike current would induce an essentially electric fie
~in the sense that, asE2.B2, the magnetic component can b
framed away!, while a spacelike current leads to a magnet
like field. Using a toy model which produces such strin
@2,6#, the equation of state forU as a function ofT in the
magnetic regime is@9#

U5m21
m

*
2

8
2

m*
2
Am

*
2

16
2m21T, ~33!

and the transversal and longitudinal speeds are given by

cT
25

1

11n
*
2

2m2~11n
*
2 !22n2~12n

*
2 !

2m2~11n
*
2 !1n2

, ~34!

cL
25

123n
*
2

11n
*
2

, ~35!
08352
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wheren* 5n/m* . In this case,cL
2 can become negative s

that the string may become unstable with respect to long
dinal perturbations and thus leave the domain of elasticity
the electric regime, the toy model yields an equation of st
of the form

U5T1m
*
2 @e2(m22T)/m

*
2
21#, ~36!

and the two perturbations velocities are

cT
25

@2~m2/m
*
2 !1 ln~12X* !#~12X* !

@2~m2/m
*
2 !1 ln~12X* !#~12X* !12X*

, ~37!

where

X* 5
2n

*
2 112A4n

*
2 11

2n
*
2

, ~38!

and

cL
25

1

A114n
*
2

. ~39!

In this regime, it is clear that onlycT
2 may become negative

at which point the string may become unstable with resp
to transverse perturbations.
2-6
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FIG. 4. A typical string loop configuration showing points where intercommutation should take place, withl 52, ellipticity e50.3, A
51, B50.1, andn

* 0
2 50.1. At these points, two loops should be formed and the subsequent evolution given by the code is no

physically relevant.
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The final model of current-carrying cosmic strings whi
we shall consider here concerns the case in which ferm
may be bound to cosmic strings in the form of two lightlik
currents of zero modes propagating in opposite directio
The resulting total fermionic current can then be timelik
spacelike or lightlike. Because the fermion condensate te
to a zero temperature distribution, the equation of state
self-dual, that is, of the same form whether the fermio
current is timelike or spacelike, given by@12,16#

U1T52m2, ~40!

which gives

U5m21
n2

2
, T5m22

n2

2
, ~41!

wherem is, as before, the string scale. Here, the perturba
velocities are simply

cT
25

2m2

U
215

2m22n2

2m21n2 , ~42!

cL
251. ~43!
08352
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In this case, the string can leave the domain of elasticity o
if the velocity of transverse perturbationscT

2 can become
negative, i.e. ifunu>A2m. We shall see that this indeed ha
pens.

IV. EVOLUTION

We studied the evolution of loops in three dimensio
after having reproduced, as a check, exactly the tw
dimensional results of Ref.@13#. Then, the evolution of loops
in three dimensions was investigated with the various sup
conducting equations of state discussed above. The clas
initial configurations with which we have been concern
was obtained by perturbing the circular equilibrium soluti
in the following way:

x~ t50,c!5R cosS c

Rgn0
D ~44!

ẋ~ t50,c!52
cT

11e
sinS c

Rgn0
D ~45!

y~ t50,c!5ResinS c

Rgn0
D ~46!
2-7
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ẏ~ t50,c!5
cT

11e
cosS c

Rgn0
D ~47!

z~ t50,c!5A cosS lc

Rgn0
D ~48!

ż~ t50,c!52B sinS lc

Rgn0
D , ~49!

where n0 and g[(12 ẋ22 ẏ22 ż2)1/2 are, respectively, the
current and the Lorentz factor of the circular equilibriu
solution, e is the ellipticity of the configuration,c is the
spacelike coordinate, chosen to vary from zero to 2pRgn0
using the gauge freedom in the worldsheet,e is a dimension-
less parameter which measures the deviation in veloc
from the circular equilibrium state obtained whene51 and
e50, andl is an integer phase parameter for the transverz
motion. Note that the amplitudeA of the perturbation in the
transverse~with respect to the string loop plane! direction
and that of the associated velocityB are independent sinc
those perturbations have been shown@26# to be absolutely
stable.

For a given equation of state, the stability of the perturb
circular equilibrium solution can easily be derived@26#. The
primary purpose of this work is to find out the fate of th
unstable configurations. Before studying such configurati
within the framework of bosonic and fermionic superco
ducting equations of state, we first checked the progr
against stable ones with the transonic equation of state
this case, everything runs smoothly and there is nothing
ticular to note about the loops dynamics. Thus, no evolut
of transonic loops is shown~see, however, Ref.@13# for a
discussion of these configurations; the three-dimensio
simulation now presented merely confirms this reference
sults as we were able to check that they were not artifact
the two-dimensional projection!.

More interesting is the case of the bosonic current wh
singular dynamics was observed in two dimensions@13#. The
analysis in this case is presented next. It is then followed
an investigation of the fermionic current case which is co
pletely new.

A. Bosonic currents

For superconducting strings with bosonic currents,
confirm that all the singular behaviors observed in two
mensions, i.e., shocks in the magnetic regime, kinks in
electric regime, folding loops and exit from the elastic r
gime in general, persist in three dimensions; they are
projection artifacts and represent the real physical time e
lution of superconducting cosmic string loops. In the follo
ing, we show examples that illustrate each case in turn.

A shock wave may be formed at points along the str
worldsheet, and according to previous results@13,15# we fur-
ther confirm that a shock can only take place in the magn
regime. An example of such a shock in three dimensio
using equation of state~33! is shown in Fig. 1 on which is
also represented the space variations of the state param
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n* 5n/m for different instants in time for a transversely pe
turbed loop withl 53; note that such a loop, from the tran
verse perturbation point of view, should be strictly stable.
this case, the geometric evolution does not reveal any vis
change in the loop, but the time evolution of the state para
etern

*
2 as a function of thec parameter shows the develop

ment of shock fronts along the string worldsheet. At the
points the current in the string becomes discontinuous
the code cannot handle the evolution anymore, as shown
instance, by the fact that the total energy is no longer c
served. Although such transverse modes in principle wo
have been expected to be stable, it turns out, with the va
of the parameters chosen, that nonlinear effects rapidly
come dominant, effectively coupling the transverse mode
the longitudinal one. That this really occurs is made clear
the fact that the number of shock fronts generated during
evolution is 2l , thus directly related to the phase parametel.

Another important effect that may take place along a
perconducting loop is the appearance of kinks. These
regions where the curvature of the string becomes disc
tinuous. We found that giving an extra dimension for t
loop to evolve into did not suppress the appearance of kin
Figure 2 shows the evolution of a loop in the electric regim
for which we have therefore used the equation of state gi
by Eq. ~36!. In this case again, the simulation shows thatl
kinks are being formed at points along the loop. To illustra
this point further, we plotted in Fig. 3 the curvature of th
loop as a function of the spacelike string internal coordin
c. This is, in general, given by@8#

Km5hrnKrn
m , ~50!

i.e., in the case at hand,

K25~w'1
r Kr!21~w'2

r Kr!2, ~51!

where

w'1
r Kr5

1

D3n2ż2
@~n22b2!~ ÿz82 z̈y8!

12bż2~y8z8̇2z8y8̇!1 ż4~y8z92z8y9!#,

~52!

w'2
r Kr5

1

D3n2ż2
@~n22b2!~D3ẍ2D2ÿ1D1z̈!

22bż2~D3z8̇2D2y8̇1D1z8̇!

2 ż4~D3x92D2y91D1z9!#. ~53!

It is clear in the figure that where kinks appear, large var
tions of the curvature are developed, showing that the ki
are not gauge artifacts but really occur. As expected,
location of the kinks corresponds to the points with lar
curvature. In general the effects found in the tw
dimensional planar case are still present in three dimensi
They are, however, usually affected~or even initiated! by the
transverse perturbation inz.
2-8
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FIG. 5. Time evolution of the squared perturbation velocity,cL
2 , in the magnetic regime for a bosonic superconducting loop.

dynamics drives the loop out of the elastic regime, as seen on the last evolution panel, in which one finds a region havingcL
2<0. The last

panel shows the total energy integrated along the loop as a function of time: its constancy up to the point wherecL
2 becomes negative revea

that nothing particular took place and the physical description can be trusted. Past this point, the energy is very badly conserve
program, as expected, has difficulties handling the problem. This figure is forA52 andB50.
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In some cases, the string loop shows points where in
commutation, which is not taken into account in our co
should be occurring. A systematic analysis shows that a l
in three dimensions tends to fold on itself in any regim
magnetic or electric. This is similar to what happens to Go
Nambu loops for which it was even argued that this int
commuting process could be the leading process for a st
network to lose energy@23,25#. The conclusions that can b
drawn from this fact for a superconducting string netwo
are therefore the same, and will be discussed later. In Fi
is shown an example of such a missed intercommutation
a loop in the electric case.

Another possibility that is open for a loop to leave t
region where the elastic description is valid is to locally ha
one of its squared perturbation velocity,cL

2 in the magnetic
regime, orcT

2 in the electric regime, becoming negative.
the latter case, the tension reaches negative values an
string actually behaves like a spring. In Fig. 5 is shown
evolution of the longitudinal perturbation velocity as a fun
tion of the spacelike parameter along the string loop at
ferent instants of time in a typical example for which t
dynamical evolution of the loop drives it out of the elas
regime whencL

2 becomes less than zero. Whatever happ
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past this time is presumably not accounted for correctly
the program which, being an effective macroscopic desc
tion, does not recognize the instability at the microsco
level.

All these results are reminiscent of what had previou
been obtained in the two-dimensional case@13#. There now
is no more ambiguity about them being projection artifac
The conclusions derived in the 2D case therefore still ap

B. Fermionic current

In this section we consider current-carrying cosm
strings with fermionic currents, obeying the equation of st
~40!. The behavior in this case follows somewhat that o
served in the bosonic case: the loop can fold on itself a
leave the elastic domain. We shall exemplify both cases
turn, but first let us note the important following point. Sin
in the fermionic case the equation of state is self-dual, th
cannot be any qualitative difference between the magn
and the electric regimes at the level of the equations of m
tion. However, the two perturbation velocities are not eq
and the string may become unstable only with respec
transversal perturbations. As a result, the dynamical ev
2-9
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FIG. 6. Configuration evolution for the fermionic equation of state. In this case, the shape of the loop changes until kinks are
along the string, at which point the elastic string description ceases to be sufficient. Quasikinks are formed first, that are sub
rounded off, until the actual kinks really form. Here, and in the following figure, the parametersA53 andB50.2 have been used.
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tion of the string can lead it to develop only kinks,2 although
in this case we cannot say that the effect is exclusive of
electric or magnetic regime. In Figs. 6 and 7 we show
time evolution and the curvature~snapshots at differen
times! for a loop with fermionic current, again with phas
parameterl 53 and initial value of the state parameter set
n
* 0
2 50.1. The appearance of kinks is seen as the curva

of the string becomes discontinuous. When the kink
formed the total energy is no longer conserved and the si
lation ends.

Similarly to the case of cosmic string loops endowed w
bosonic currents, loops with fermionic currents can fold
themselves, exhibiting points where intercommutat
should take place, and with very much the same rate of
currence in the evolution. Self-intercommutation for loo
losing their energy again seems to be in this case a fav
mode.

The string loop can also leave the domain of validity
the elastic formalism whencT

2 becomes negative. Figure
depicts the time evolution of the transverse velocitycT

2 up to
the point where it vanishes. The velocity here is shown a

2Note that since shocks can only form in the magnetic regime
as in this self-dual situation, the electric and magnetic regime
undistinguishable, shocks cannot form in the fermionic current c
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function of the spacelike string parameterc. The same re-
marks as for bosonic strings apply, in particular concern
the nonconservation of the total energy whenever the ela
regime is left. Note here the appearance of a numerical
stability that propagates along the string and that is see
the form of ~unphysical! oscillations.

V. DISCUSSIONS AND CONCLUSIONS

This work is the direct follow-up of previously discusse
two-dimensional string loop simulations@13#. It extends this
old work in two directions. First it now provides resul
about the dynamics of such string loops in three dimensio
thereby answering the question as to whether the obse
effects were actually physical or mere projection artifac
This new simulation clearly shows that indeed the effe
presented in Ref.@13# are physical. Another extension o
Ref. @13# that is done here concerns the equation of sta
which can now describe fermionic@12# currents as well.

In the case of strings endowed with spacelike boso
currents, it was shown that most of the loops develop sho
These shocks are seen as discontinuities in the current
occur because the squared longitudinal perturbation velo
cL

2 can become negative. In the electric regime of timel
currents, it is the squared transverse perturbation velocitycT

2

that can vanish and reverse its sign. As it turns out, t

d
re
e.
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CURRENT-CARRYING COSMIC STRING LOOP 3D . . . PHYSICAL REVIEW D65 083522
FIG. 7. Time evolution of curvature against the point labeling functionc for the configuration of Fig. 6. The curvature in this examp
varies almost by two orders of magnitude. As in the bosonic case, the variations of the energy give a signal of the kinks formatio
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implies that kinks, namely regions of discontinuous curv
ture, develop.

Fermionic strings, being described by an equation of s
for which only the squared transverse perturbation velo
can become negative, are subject only to the possibility
building kinks, and this in a way that is independent of t
spacelike or timelike nature of the underlying current sin
the relevant equation of state is self-dual.

In both cases, fermionic and bosonic currents, and
whatever kind of current, the loops tend to fold on the
selves, generating contact points where intercommuta
should occur. The almost systematic occurrence of such
figurations leads us to conclude that one may divide su
conducting string loops into essentially two species: th
loops which tend to divide into smaller loops, and the oth
ones that are identified with the proto-vortons of other
thors@19#. Our results tend to indicate that the latter categ
is much less populated than the former, as was already
tulated in earlier investigations@19#. It also implies that these
intercommutations will be, in the case of superconduct
cosmic strings, much more frequent than in the case of o
nary strings.

Now when a string loop self-intercommutes, the topolo
cal stability that confines the Higgs and other particles ins
the defect is raised and some of these particles are exp
away. Although stable while contained in the defects, th
particles are often unstable. In particular, strings are expe
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to form at the grand unified theory~GUT! scale, and the
relevant Higgs and gauge fields to decay therefore alm
instantaneously by cosmological standards. These part
will then initiate showers of lower mass ones dividing t
original energy. This is the mechanism that is at work
most top-down scenarios@27# of ultrahigh energy cosmic
rays ~UHECR! whose origin is still mysterious@20#. Ordi-
nary cosmic strings do not produce much of these partic
because intercommutations are not that frequent in G
Nambu strings since most of the energy of the network
that case is expected to be lost through gravitational radia
@3#. In fact @22#, the resulting flux is found a disappointin
ten orders of magnitude below the observed one. In the c
of current-carrying strings, loops have a higher probability
self-intercommuting, so the mechanism is enhanced acc
ingly.

The proto-vorton case now takes us to the rare configu
tions that do not intercommute frequently. Note at this po
that the scarcity of these states is not enough to ensure
vorton excess problem to be altogether alleviated. Indeed
GUT scale vortons, the ratio between proto-vortons a
doomed loops should already be much less than 10220 in
order for the present-day vortons not to dominate the U
verse@19# if the resulting vortons are stable over cosmolo
cally relevant time scales.

Gathering all the results obtained over the recent ye
we now find the following: for a realistic underlying micro
2-11
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FIG. 8. Time evolution of the speed of transversal perturbations for a cosmic string loop with fermionic currents~with A52 andB5

20.2). The dynamical evolution of the loop drives it out of the elastic regime, wherecT
2<0.
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scopic model, the equation of state is such that at least on
the perturbation propagation speeds can become imagi
leading to possible instabilities. The main result of t
present paper is to show that these instabilities will syste
atically develop in every loop as it evolves. As a result,
elastic treatment turns out to be valid for limited periods
time and one must resort to the full microscopic descript
in between.

The elastic description breaks down in two possible wa
namely through the formation of kinks or shocks. In bo
cases, the meaning is that the microstructure should be t
into account. In particular, close to these points, it is
longer appropriate to consider the string as effectively tw
dimensional and we must consider the effects that are du
the finite thickness.

First of all, kinks cannot exist if the string is a tube in
stead of a Dirac line as it would be impossible, for instan
to match the Higgs field and its derivatives, as is required
the underlying field theory at the points where the curvat
is discontinuous. Therefore, the string must somehow fin
way of smoothing, which means in that context losing e
ergy. The only nonkinematical~in the sense of necessari
breaking the elastic description! way of realizing that is
through particle emission, and we are led to conclude tha
in the case of intercommutation, but for completely differe
reasons, some particles~current carriers, but also Higgs an
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gauge fields! will be radiated away as the kinks develo
Note also that the current carrier is indeed likely to get out
the string since, as the string curvature increases, the ca
momentum acquires an orthogonal-to-the-worldsheet c
ponent thanks to which the wave function is spread o
larger distances, thereby effectively increasing the proba
ity for the particle to tunnel out. This mechanism can ea
the vorton excess problem while at the same time provid
more efficiency for UHECR production through top-dow
scenarios.

Shocks develop only for bosonic spacelike currents.
this case, the state parametern, which would end up being
discontinuous were the shock actually occurring, is well re
resented by the collective momentum of the trapped parti
@6,7#, this momentum being always less than the rest mas
the carrier particles themselves in order for the confinem
to take place. As we argued before@13#, it is rather dubious
that actual shocks could form in cosmic strings, as the sho
are always accompanied, either followed or preceded, b
transient region in whichcL

2<0. However, in this region, the
momentum of the carrier is higher or at least of the sa
order as its rest mass. Therefore, it is energetically favore
some of the trapped particles to move out of the string.

In all the situations which we have studied, we found th
the expected dominant effect was particle radiation. We
2-12
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therefore led to the conclusion that an elastic treatmen
cosmic strings is not completely appropriate. It should
supplemented with some semiclassical, nonconserva
forces. The dissipative effect then introduced can serve
ease the vorton excess problem, while providing new in
esting ways to produce UHECR.
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